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ABSTRACT
We derive a confining qq¯ Bethe–Salpeter equation starting from the same as-
sumptions on the Wilson loop integral already adopted in the derivation of a
semirelativistic heavy quark potential. We show that, by standard approxima-
tions, an effective meson squared mass operator can be obtained from our BS
kernel and that, from this, by 1
m
2 expansion, the corresponding Wilson loop po-
tential is recovered, spin–dependent and velocity–dependent terms included. We
also show, that, on the contrary, neglecting spin–dependent terms, relativistic
flux tube model is reproduced.
In the paper presented by G.M. Prosperi 1 it was shown how the properties of the
Wilson loop integral ( we assume Wilson area law and the straight line approximation;
see eqs. (2)–(4)) can be used to obtain a confining Bethe–Salpeter equation from first
principles. This result was accomplished neglecting the spin of the quarks. In this
paper we show that it can be extended to the case of regular QCD with quarks with
spin by defining an appropriate operator for the spin dependent part and using a
second order formalism.
Even in this case the basic object is the quark–antiquark Green function
G4(x1, x2, y1, y2) =
1
3
〈0|Tψc2(x2)U(x2, x1)ψ1(x1)ψ1(y1)U(y1, y2)ψ
c
2(y2)|0〉 =
=
1
3
Tr〈U(x2, x1)S1(x1, y1;A)U(y1, y2)S˜2(y2, x2;−A˜)〉 (1)
where c denotes the charge-conjugate fields, U the path-ordered gauge string U(b, a) =
Pba exp
(
ig
∫ b
a dx
µAµ(x)
)
, S1 and S2 the quark propagators in the external gauge field
Aµ, the tilde denotes transposition in the colour indeces.
Then, putting (Dν = ∂ν − igAµ) S(x, y;A) = (iγ
νDν +m)∆
σ(x, y, ;A), we have
(σµν = i
2
[γµ, γν ])
(DµD
µ +m2 −
1
2
gσµνFµν)∆
σ(x, y;A) = −δ4(x− y), (2)
and taking into account gauge invariance, we can write
G
gi
4 (x1, x2; y1, y2) = (iγ
µ
1 ∂x1µ +m1)(iγ
ν
2∂x2ν +m2)H4(x1, x2; y1, y2) (3)
with
H4(x1, x2; y1, y2) = −
1
3
Tr〈U(x2, x1)∆
σ
1 (x1, y1;A)U(y1, y2)∆˜
σ
2 (x2, y2;−A˜)〉 (4)
∗Presenting author
Now, we use the explicit resolution of (2) in terms of a path integral (Feynman-
Schwinger representation; see (14) of Ref. 1)
∆σ(x, y;A) = −
i
2
∫
∞
0
ds exp
is
2
(−DµD
µ −m2 +
1
2
gσµνFµν) (5)
= −
i
2
∫
∞
0
ds
∫ x
y
Dz PxyTxyexp i
∫ s
0
dτ{−
1
2
(m2 + z˙2) + gAρ(z)z˙
ρ +
g
4
σµνFµν(z)}
where the path integral is understood to be extended over all paths zµ = zµ(τ)
connecting y with x and expressed in terms of a parameter τ with 0 ≤ τ ≤ s,
z˙ stands for dz(τ)
dτ
, the “functional measure” is assumed to be defined as Dz =
( 1
2piiε
)2Nd4z1 . . . d
4zN−1, Pxy and Txy prescribe the ordering along the path from right
to left respectively of the colour matrices and of the spin matrices.
On the other side, it is well known that, as a consequence of a variation in the
path zµ(τ)→ zµ(τ) + δzµ(τ) respecting the extreme points, one has
δ {Pxy exp ig
∫ s
0
dτ z˙µ(τ)Aµ(z)} =
= ig
∫ s
0
δSµν(z(τ))Pxy{ − Fµν(z(τ)) exp ig
∫ s
0
dτ ′z˙µ(τ ′)Aµ(z(τ
′))} (6)
with δSµν(z) = 1
2
(dzµδzν − dzνδzµ). Then
Txy exp(−
1
4
∫ s
0
dτσµν
δ
δSµν(z)
)
(
Pxy exp ig
∫ s
0
dτ ′z˙µ(τ ′)Aµ(z(τ
′))
)
= TxyPxy exp ig
∫ s
0
dτ [z˙µ(τ)Aµ(z(τ)) +
1
4
σµνFµν(z(τ))] (7)
and Eq.(6) can be rewritten as
∆σ(x, y;A) = −
i
2
∫ s
0
dτ
∫ x
y
DzPxyTxyS
s
0 exp i
∫ s
0
dτ [−
1
2
(m2 + z˙2) + ig ˙¯z
µ
Aµ(z¯)] (8)
with
Ss0 = exp
[
−
1
4
∫ s
0
dτσµν
δ
δSµν(z¯)
]
(9)
In (9) it is understood that z¯µ(τ) has to be put equal to zµ(τ) after the action of Ss0 .
Alternatively, it is convenient to write z¯ = z + ζ , assume that Ss0 acts on ζ(τ) with
δSµν(z) = 1
2
(dzµδζν − dzνδζµ), and set eventually ζ = 0.
Replacing (8) in (4) we obtain
H4(x1, x2; y1, y2) = (
1
2
)2
∫
∞
0
ds1
∫
∞
0
ds2
∫ x1
y1
Dz1
∫ x2
y2
Dz2Tx1y1Tx2y2S
s1
0 S
s2
0
exp (
−i
2
){
∫ s1
0
dτ1(m
2
1 + z˙
2
1) +
∫ s2
0
dτ2(m
2
2 + z˙
2
2)}
1
3
〈TrPΓ exp(ig){
∮
Γ
dz¯µAµ(z¯)}〉 (10)
where now z¯ = z¯j = zj + ζj on Γ1 and Γ2 and z¯ = z on the end lines x1x2 and y2y1;
the final limit ζj → 0 being again understood.
Eq. (10) corresponds to Eq. (15) of Ref. 1. Then, by using assumption (2)–(4)
of Ref. 1 for the Wilson loop integral, the recurrence identity (19) 1 and proceed-
ing in a similar way (apart from some technical complications) we can show 4 that
the ”second order” Green function H4(x1, x2; y1, y2) satisfies a Bethe-Salpeter type
nonhomogeneous equation. From this we obtain the momentum space homogeneous
equation
ΦP (k
′) = −i
∫
d4k
(2pi)4
Hˆ2(η1P + k
′)Hˆ2(η2P − k
′)Iˆ(k′, k;P )ΦP (k) (11)
which is more appropriate for the bound state problem. In this equation H2 stands
for a colour independent one particle dressed propagator,ηj =
mj
m1+m2
, P denotes the
total momentum p1 + p2, k the relative momentum η2p1 − η1p2 (qj = ηjP +
k+k′
2
and
in the CM frame q = k
′+k
2
), ΦP (k) is the ordinary Bethe–Salpeter wave function and
Iˆpert = 16pi
4
3
αs{Dρσ(Q)q
ρ
1q
σ
2 −
i
4
σ
µν
1 (δ
ρ
µQν − δ
ρ
νQµ)q
σ
2Dρσ(Q)
+
i
4
σ
µν
2 (δ
σ
µQν − δ
σ
νQµ)q
ρ
1Dρσ(Q) +
1
16
σ
µ1ν1
1 σ
µ2ν2
2 (δ
ρ
µ1
Qν1 − δ
ρ
ν1
Qµ1)×
(δσµ2Qν2 − δ
σ
ν2
Qµ2)Dρσ(Q)}+ . . . (12)
Iˆconf =
∫
d3r eiQ·r J(r, q1, q2) with
J(r, q1, q2) =
2σr
q10 + q20
[
q220
√
q210 − q
2
T + q
2
10
√
q220 − q
2
T +
+
q210q
2
20
|qT|
(arcsin
|qT|
q10
+ arcsin
|qT|
q20
)
]
+
+2σ
σkν1 q20q1νr
k
r
√
q210 − q
2
T
+ 2σ
σkν2 q10q2νr
k
r
√
q220 − q
2
T
+ . . . (13)
In (12)–(13) we have set q1 =
p′
1
+p1
2
, q2 =
p′
2
+p2
2
, Q = p′1 − p1 = p2 − p
′
2, Dρσ(Q)
denotes the gluon free propagator and the center of mass system (q1 = −q2 =
q , qhT = (δ
hk− rˆhrˆk)qk) is understood. Notice that Eq. (12) corresponds to the usual
ladder approximation in this second order formalism (differing from (17) 1 only for
the spin dependent terms.
From (11) by replacing Hˆ2(p) with the free propagator
−i
p2−m2
and performing an
appropriate instantaneous approximation on Iˆ [consisting in setting Q0 = 0, qj0 =
w′
j
+wj
2
or pj0 = p
′
j0 =
w′
j
+wj
2
or k0 = k
′
0 = η2
w′
1
+w1
2
− η1
w′
2
+w2
2
and P0 =
1
2
(w′1 + w1 +
w′2+w2), with wj =
√
m2j + k
2, w′j =
√
m2j + k
′2 ] one can obtain 4 an effective mass
operator for the mesons (in the CM frame P = 0, P = (mB, 0)) M =M0 + V with
〈k′|V |k〉 =
1
(2pi)3
1
4
√
w1w2w
′
1w
′
2
Iˆinst(k
′,k) + . . . (14)
where the dots stand for higher order terms in αs and σa
2 and kinematical factors
equal to 1 on the energy shell have been neglected. Now, if we neglect in V the
spin dependent terms and the coulombian one, we reobtain the hamiltonian of the
relativistic flux tube model 5 with an appropriate ordering prescription 3. On the
other side by performing a 1
m2
expansion we find the qq¯ potential that, written in the
representation space, reads
V =
4
3
αs
r
+ σr +
4
3
αs
m1m2
{
1
2r
(δhk +
rhrk
r2
)qhqk}W
−
4
3
iαs(
1
2m1
α1 · r
r3
−
1
2m2
α2 · r
r3
) +
4
3
αs
2m1m2
(σ1 + σ2) · (r× q)
+
1
3
αs
m1m2
[
3(σ1 · r)(σ2 · r)
r5
−
σ1 · σ2
r3
] +
4
3
αs
m1m2
2pi
3
(σ1 · σ2)δ
3(r)
−
σ
6
(
1
m21
+
1
m22
−
1
m1m2
){q2Tr}W
−
σ
2
(
σ1
m21
+
σ2
m22
) · (
r
r
× q)−
σi
2
[
1
m1
α1 · r
r
−
1
m2
α2 · r
r
] (15)
where now q stands for the momentum operator and and the symbol { }W stands
for the Weyl ordering prescription for momentum and position variables. Now, by
performing a Foldy–Wouthuysen tranformation with generator S = i
2m1
α1·q−
i
2m2
α2·q
we end up with the 1
m2
potential which coincides with the Wilson loop potential 3.
1. Conclusions
The kernel was constructed as an expansion in αs and σa
2 and at the lowest order
is given by equations (9)-(10).
As the analysis in terms of potentials show, the inclusion of terms in α2s is essential
for an understanding of the fine and the hyperfine structure. For what concerns
the importance of σ2 contributions some preliminary extimates 4 performed in the
relativistic flux tube context seem to indicate that this first correction should be of
little significance for the spectrum in almost all cases.
Finally let us come to the problem of the type of confinement, which has been
largely discussed in the literature. By this terminology it is usually meant the ten-
tative assumption of a BS (first order) confining kernel of the instantaneous form
Iˆconf = −(2pi)
3Γ σ
pi2
1
Q4
. As well known, the above form of I with Γ = 1 was motivated
by the fact that it reproduces the static potential σr and the spin dependent poten-
tial as obtained in the Wilson loop context. This choice, however, gets both into
phenomenological and theoretical difficulties: 1) it gives a first order velocity depen-
dent relativistic correction to the potential which differs from the Wilson loop one 3
and does not seem to agree with the heavy meson data 7; 2) it does not reproduce
straight line Regge trajectories 8,5. Complementary objections can be moved to the
form with Γ = γ01γ
0
2 .
On the contrary, even if we have not yet attempted calculations directly with
the kernel established in this paper, very encouraging results have been obtained in
the context of the relativistic flux tube model 5, of the dual QCD 9 and of the
effective relativistic hamiltonian 6, formalisms that are all strictly related to our one.
Therefore the complicated momentum dependence appearing in (10) seems essential
to understand both the light and the heavy meson phenomenology.
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